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Abstract

The probability distribution laws of various functions of random variables which obey differ-
ent distribution laws are investigated using developed software applying statistical modeling
methods. The effectiveness of this approach for investigating probability laws is demonstrated.

1 Introduction

In practice of statistical analysis of the number of problem definition is much more than proposed solutions
in the classical mathematical statistics. A variety of distribution laws and a various complexity of
functions of random variables and systems of random variables makes the use of the classical instrument
s for determining the distribution function of the law is very time-taking task, which often don’t have
analytical solutions.

As a result various approximations are proposed, which allows simply enough to find the numerical
characteristics of interest law distribution function. Unfortunately these approaches apply very rigorous
restrictions on the tasks.

Generally the lack of necessary theoretical results is explained by the complexity and laboriousness
of the decision obtained by analytic methods.

The development of computer methods for the study of statistical regularities, the properties of
estimates and statistics of the various criteria of statistical hypotheses, building probabilistic models for
the investigated regularities makes it less costly to obtain basic intellectual knowledge of mathematical
statistics and, therefore, to get statistical conclusions in the analysis of data in various applications areas.

2 Problem definition

Required to determine the probabilistic characteristics of the variable Y inaccessible to direct measure-
ment based on the available for multiple measurements of variables X7, Xo, ..., Xx. It is assumed that

Y = o(X1, Xoy .y Xk) (1)

where ¢(-)-some known function. It is assumed that the distribution law of vector X, or in the case of
the independence of its components, the laws of the distribution of X;, Xs, ..., X}, (it may be the laws
of distribution of errors of measurements) are known or can be obtained on the basis of the results of
statistical analysis.

The classical approach for determining the law of probability distribution functions of random variables
requires knowledge of the joint density f(z1,z2,..., k) of the random variables X7, Xo, ..., Xj.

Let X : 2 — R™ - random variable and g : R™ — R™ - continuously differentiable function such that
Jg(x) # 0,V € R”, where Jy(z) - Jacobians of the function ¢ at point x. Then the random variable is
also absolutely continuous and its density has the form:

fy@) = folg™ W) | Jy-2(y) | (2)

However, analytical solution obtained with the classical approach can be found only at some particular
cases of the functions Y = ¢(X) and density f(z1, o, ..., ).



As a result in determining the probability characteristics of the results of indirect measurements,
described by the model ¥ = ¢(X), in the case of noncorrelatedness of components X1, Xo, ..., X} of
vector X measured variables model linearization are recommended [(?)]

Y & ¢(M) + (X — M)"Ve(M) (3)

where M - means vector, V¢(-) - the gradient function. This approach is simply to determine the
characteristics of the random variable Y. Unfortunately, this approach is effective also in the comparatively
rare cases when close to a linear function of ¢(X).

3 Software description

Methods of computer modeling and analysis of statistical regularity supposes the development of software
for investigation. Software is developed for the simulation of random functions of random variables with
different distribution laws.

The software allows to solve the following tasks:

e Simulation samples of random variables with a given distribution law;
e Simulation samples of random vectors;

e Simulation samples of functions of random variables;

e Simulation samples of functions of random vectors.

The software consists of two programs. The first program («Operations with one-dimensional random
variables>) makes it possible to simulate the functions of one-dimensional random variables (Figure
?7), second (<«<Operations with multidimensional random variabless) - the function of multidimentional
random variables (Figure ?7).

L. One paiss ¢ opHOME pHEMH CAYHaH HEIMS BE MY HBEMH

DEin  KondHrypauss

ZaR0HE] DECIPELENEHHA
15, Pesromepros co cosiroe 0 e racwradom 2 ~ Ot Brifopks: 10000
16, Pacnpegensrie CreinsHTa © napassToom gopkie 2 C ma Boeafmos poipame e
17, HopedaneHoe © teacwrations 1.8 oo capuro 5.2 [srafed e3Pl
18, Hopragnsnoe ¢ macwradonm 1 co caseroe 1 M08 mipaBa e BENAAHEHHD

12, 3 penomeslantHos ¢ Macwradon | oo capurom 0

20 FrcnorersantHoe C racuracam 3.4 co conuram <10

21, Hopraanshoe ¢ macwraton 0.3 co cagsrem 2.3 w
ClHaRHEIS BENHHHE 3EEHHDE GOOTEETCTEMS
=5 saraner | M2 13
=7 4 >3 16
k] 4 = 20

;ﬁn LLLLCLC

BeanéHans Eripaxare
[(sinfed 23y x1

Oémén poropry
[1o00o

Figure 1: Dialog box first program

4 Results of experiments

In [(?)] on example the function Y = X; /X5 shows the difference in the solutions obtained using the
classical approach and as a result of linearization, underscores the unallowable large errors resulting from
the use of the linearization method. At the same time [(?)] demonstrated the effectiveness and collection
of tasks, in which can be applied the method of statistical modeling.

Consider some examples showing the accuracy of modeling.
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Figure 2: Dialog box second program

To verify the goodness used following criteria: x? Pirson with & = 15, Kolmogorov, w Mises, 2
Anderson—Darling

Example 1. y = 2x; — bx9 + 3x3, where z1 € N(3,7), z2 € N(1,1), z3 € N(3,5). Theoretically the
distribution is the normal law . Significance levels for all applying criteria says about very good goodness
between the empirical distribution obtained from simulations and theoretical distribution.

Example 2. y = 129, where z1 € N(0,1), 22 € Exp(0,1). In this case, the theoretical distribution
of function is unknown and the identification of law distribution was applied (verified by a composite
hypothesis). The best model for the empirical distribution has a normal law with parameters shift
01 = 20.1906 and scale 05 = 9.2237. The results saying about very good goodness.

Example 3. y = z[1][1] + z[1][2] , i.e. summed up the first and second component of the vector
x, where z[1] € N(0,1) with the vector of means Oy = [2,1]T and covariance matrix ©; = [ 3 8 }
Analytically is that y € N (3, \/ﬁ) The results showing good goodness between the modeled expression
and expected results.

Let Y = Hle X;, where X; - nonintercorrelated variates with mean M; and variance D;. In accor-
dance with (?7) ¥V ~ Zle X H?:Lj#i M;—(k-1) H?:l M; , the mean E[Y] ~ H?:l M; and variance
DY)~ Zle Di(H?ZL#i M;)?. In the case where X; belongs to the standard normal law for k = 2,5 the
using of the linearization is not possible for trivial reasons: the variance is zero. The results of modeling
the distribution of Y in this case represent the asymmetrical laws with zero median. These distributions
can not adequately describe one parametric model law, but they are well approximated by mixtures of
species [(?)]:
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In the case of normal laws with different parameters the situation has changed. Fig. 7?7 presents the
empirical distribution of this kind of products of random variables, but by the normal law with parameters
shift to 4 and scale equal to 3. The distributions of ¥ for the case when k& = 2,4 can be described a
mixture of two and when k = 5 - three-parametric models.

5 Conclusion

Thus the methods of statistical modeling with the software that allows to build approximate mathematical
model for the empirical distributions (including mixtures of different parametric laws), are an effective
tool to study the laws of the distribution functions of random variables for the study of probabilistic laws,
appeared in various technical applications.
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Figure 3: Empirical distribution of products of normal variables(k = 1,5) with parameters shift equal 4
scale equal 3

Distributions of functions of random variables X; depend not only on the type of distributions of
X; and can vary greatly changes with other parameters of those laws [(?)]. Using statistical modeling
techniques for the study of law distribution of Y, you can either build a close model approximating the
law, or to ascertain conditions for the validity of the application of linearization.

Using statistical modeling, and specialized software, such as developing system ”Interval statistics”
ISW [(?)], allows to construct a good approximate mathematical model of the distribution laws of func-
tions of random variables (including mixtures of parametric laws), when the law was not able to find
analytically.
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