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GENERAL PROBLEMS OF METROLOGY
AND MEASUREMENT TECHNIQUE

BARTLETT AND COCHRAN TESTS IN
MEASUREMENTS WITH PROBABILITY
LAWS DIFFERENT FROM NORMAL

B. Yu. Lemeshko and E. P. Mirkin UDC 519.233.3:006.91.001

Statistical simulation methods have been applied to the distributions of classical statistics used in testing
hypotheses on variance in a series of samples. The statistics used in the Bartlett and Cochran tests have
been derived as tables of percentage points, which are used in observed laws describing an exponential
family of distributions.
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In statistical quality control, one usually checks for perturbations on tests that check hypotheses on the constancy ¢
the variances in a control parameter or equality of that parameter to some nominal value. Analogous problems in hypothes
testing arise in measurements. Published sources [1, 2] and standards [3] deal with the use of Bartlett [4] and Cochran [*
tests, in hypothesis testing on equality of the variances of a set of samples. In [3], Cochran’s test is envisaged fay identifyin
excursions in physicochemical measurements.

The following is the hypothesis tested on the constancy of the variancseis:

Ho: 012 = 022 =.. =0ﬁq,
which a competing hypothesis is
Hl:cy.2 #02
1 12

where the inequality is obeyed at least for one pair of substyipjs

For example, in monitoring some parameter, hypothégigads one to assert that at least for two instants in sam-
pling from a general set of sampling instamtén samples taken at different times), the variance has different values.

The basic assumption in constructing the Bartlett and Cochran tests and deriving the limiting distributions of the
statistics for them is that a normal distribution applies for the observed random quantities (measurement errors).

The errors of measuring instruments far from always are described by normal distributions [6]; it is clear also that
in quality control, deviations in the monitored parameter from the nominal (given) value when the process is stationary do
not always obey a normal law. The process may satisfy the conditions imposed, e.g., the mathematical expectation coincide
with the nominal value of the parameter, while the variance does not exceed a given value.
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How do these tests bel@mwhen the aors of the measements a not nomally distiibuted? Is it possib to use
these tests in theitassical brm in a \arying situdion or what actions lead to incoect esults?

We examined the distibutions of the sti#stics for these tests withavious dgrees of deiation (measuwement erors)
from nomal distibution and thus désed ecommendidons on using those tests undertsgonditions.These esults sup
plement [7] on the bekior of the stéistics used in testingypotheses on theaviances and nthemadical expectdions.As in
[7], we used a method of siigtical sinulation and computer angdis tha has beendund to be sound in styithg stdistical
regulaities in [8,9].

Bartlett test. The staistic for the Batlett test is gven by [2]:

- gr Dmi_i%_l 1)
. 3(m- 1)BZlvi N%'

wherev; = n; if the mahemaical expectadion is knavn orv; = n, — 1 if it is unknevn (n; are the sampleolumes); N = Z Vi,
i=1
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where 32 are the estimiars for the sampleatiances.
If the mahemaical expectdion is unknavn, the estimtors ae

"
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where X; = Py Z Xiji, Vi =n = 1; if hypothesisH is true, all thev; > 3 and the sampleseaextracted fom a nomal pop

1 j:l
ulation, then the (1) stastic goproximately obe/s a)(ﬁrFl distribution.

If the measwrments a& nomally distributed the distibution for the (1) stistic is almost indpendent of the sam
ple wlume Fgure 1 shavs virtually coincident disibutions br the Batlett stdistic of (1) with \arious sample ®lumes
(n=10,50,and 100)This means thaf the measwementsit a nomal distibution, the contusions emain corect e/en for
very small wlumes in the samples.

On the other handhe distibution of the (1) stistic is \ery sensitve to deiations in the obseed lav from nor
mal. The form of the (1) stastic distibution has beenxamined ér various obsered lavs, in paticular for the case here

the samplesitfa logit law with density

g _
(0= exp LT el)%/ﬁ*%%*”w |

92 \3 a 92 \'

a Laplace lav with density

-6

and an gponential &mily of distibutions with \arious shae paametes and density

De(8,) = f(x) = ——3 ex ol el' @)
3 2ezr(1/93) pD’ ﬁ i
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Fig. 1. Distibutions br the t¢assical Batlett stdistic for various sample
volumes andan = 5.
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Fig. 2. Distibutions Dr the Batlett stdistic when the obseed paameter
differs from a nomal distibution for various sample ®@lumes andn = 5.

wheee 6 is the shpe paameterThe nomal and Lalace distibutions ae paticular cases of thisafily with values br the shpe
pamameter of 2 and kespectrely. Family (2) mg be a god model ér the eror distibutions br vatious measting systems.

Figure 2 shavs hawv the distibutions br stdistic (1) ae dgendent on theofm of the obsered lav for various sam
ple wlumes.When the distbution of the obsered paameter deiates fom a nomal law, distibution for the (1) Batlett
stdistic differs substantiayl from ay fn_l distiibution. The distibution of the stastic becomes merdgendent on the sam
ple wlume than is the caserfthe nomal law.

Consequenyl if one opeates with a tassical limitingy ﬁkl distribution when the obseed quantity its a Laplace
distibution or a Igjit ong there is a high prbability of rejecting the JipothesisH, on equality of the ariances gen when
the typothesis is coect. Fgure 3 shavs hav the distibution of the Batlett stdistic altes if the measwment esults belong
to the &ponential &mily with various \alues of the shme paameter The shaes shwr tha when the measament esults
belong to anxgponential &mily more flat-topped than a noral oneg then if one uses theassical limiting distibution, there
is a high pobability of taking the lypothesisH as incorect.
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Fig. 3. Distibutions of the Bdtett stdistic for distibutions in the gponential
family De(®3) with various shae paametes for n = 100 andn = 5.

The Hg. 3 pictue illustrates vell the aguments [10] msented in [11] on the use of tHassical Batiett test [4]
when the assumptionbaut nomality are violaed If the distibution of the obseted quantities is merflat-topped than a
nomal one (with ngative values br the codicient of excess

Yo = u4/c4— 3<0,

with p, = E[X - p)4] the fourth cental moment ana® the \ariance),the dassical Battett test [4] conceals the &#frence in
the \arianceswhile if it is more shap-pealed (withy, > 0), it finds a diference in the ariances thais not pesent (Fyure 6
shaws the analgous pictue for the Cobran test).

For distibutions deiating from nomal, the distibutions of the Bdlett stdistic ae dgpendent substantiglion the
sample wlumen, but they corverge quite vell to cetain limiting lavs.

If the obseved quantities belong to armonential &mily of distibutions,we hare used Monte Chr simulation to
constuct tebles for the upper peentae points (15, and 10%) of the Bélett stdistic for shape paametes 6;=0.5,1,3,5,
and 10 ér variousm andn. The pecentaye points vere constucted fom the sinulated empiical distibution for the stés-
tics of wlume 50000 with eeraging over a seies of peiments. In the case of the place distibution @5 = 1), Table 1
gives the parentage points obtained

Cochran Test.Here, when all then, are identical §; = n, = ... =n,,=n), one can use the simpler Gwan testThe
stdistic Q for the Cobiran test is [2]

Q=S2,/(SP+S5+ .. +S2), ©)

where S35, = maxS?, S5, ..., S5) andmis the umber of indgendent ariance estimers (rumber of samples).

The distibution of the Cohran stéistic is very much dependent on the samplelume so the eference liteature
gives ony tables of the parentaye points [2]which are used in fpothesis testingHg. 4 shavs computer simlation results
for the distibution of the (3) stigstic with various sample @lumes. In this cas¢he rumber of \arance estimgrs ism = 5.

The Codiran test esemites the Batett one in being used on the assumption tiva measwmentsit a nomal dis
tribution, so inteest dtaches to the lsanges in the distbution for the Cobiran stdistic of (3) with cefain deviations of the
measuements (contl pammeter) fom a nomal distibution. Fgure 5 shavs the distibution of the (3) sti#stic whenHg is
comect for the quality of theariances and the samples belongadous lavs: nomal, logit, and Lalace The diferences in
the (3) stéstic distibutions pesist for ary sample wlumes.
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TABLE 1. Upper Rrcentae Points (-100%) br the Batlett Stdistic Constucted fomm Independent
Variance Estimges,Ead of Which withv = n— 1 Dayrees of Feedom.The Sample Belongs to the
Distribution in the Exponentialdmily with Shape Farameterf; = 1 (Legplace distibution)

m n a
0.15 0.1 0.05 0.02 0.01

10 3.96 5.10 7.04 9.57 11.37
2 50 4.78 6.21 8.78 12.29 14.93
100 4.92 6.42 9.07 12.70 15.43
10 7.25 8.71 11.16 14.27 16.51
3 50 8.78 10.63 13.74 17.79 20.80
100 8.95 10.83 14.06 18.29 21.40
10 10.29 11.98 14.78 18.24 20.82
4 50 12.26 14.40 17.91 22.42 25.80
100 12.63 14.83 18.52 23.30 26.87
10 13.04 14.96 18.09 21.93 2481
5 50 15.65 18.02 21.93 26.83 30.54
100 16.05 18.47 22.48 27.69 31.54
10 15.75 17.85 21.23 25.43 28.49
6 50 18.75 21.31 2551 30.76 34.63
100 19.22 21.87 26.23 31.45 35.43
10 18.35 20.60 24.19 28.66 31.98
7 50 21.87 24.63 29.06 34.63 38.71
100 22.45 25.30 29.87 35.60 39.87
10 21.00 23.37 27.22 32.08 35.66
8 50 24.88 27.79 32.50 38.26 42.49
100 25.59 28.58 33.41 39.50 43.77
10 23.53 26.06 30.05 35.10 38.65
9 50 27.88 30.96 35.90 42.09 46.44
100 28.53 31.71 36.72 43.11 47.48
10 26.04 28.68 32.99 38.18 41.85
10 50 30.78 33.98 39.20 45.36 49.88
100 31.55 34.82 40.14 46.72 51.32

Figure 6 shavs tha there ae substantialltanges in the Cdaran stdistic distibution if the measwmentsit a dis
tribution in the &ponential &mily for the \arious shpe paametes. The form of the (3) sthstic distibution (Fgs. 5 and 6)
indicaes tha if the measwment esults violée the assumption of nmality, but this is not consided, then the kipothesis
on equality of the ariances ma be ejected with a high pbability although it is corect and mg be adopted in the case
when it is incorect.

It has been asded [2] thd the Cotiran test is sonveha inferior in power to the Batett one The distibutions br
the Cod@iran staistic ae very much degpendent on the samplelume &en for a nomal distibution and a& very much depen
dent on thedrm of the obsesed lav. It might seem thathis males it unsuithle for arbitrary obseved lawvs, but in fact our
studies hee shovn tha the Cobiran test is ma paverful than the Balett one if the obsegtions it a nomal distibution.

For example Table 2 gves \alues br the paver 1 — of these testsidive to thee distinct altaratives with \ari-
ous sample lumesn for probabilities of erors of the frst kinda = 0.1,0.05,and 0.01The competing ypothesis suppes
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Fig. 5. Distibutions Pbr the Cobran stéistic for deviations in the disibution of the obseed
pammeter fom nomal with various sample @lumes andan = 5.
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Fig. 6. Distibutions br the Cobran staistic in the case of disbutions in the gponential
family with various \alues 6r the shpe paameter withn = 17 andm = 5.
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TABLE 2. Power 1 —f of the Batlett and CobranTests with Respect to tlwéternaivesHll, le, Hf’

Hll 10y = 1.050, for tests

H12 10y, = 110, for tests

H13 10y, = 1.20, for tests

Bartlett Codran Bartlett Codran Bartlett Codiran
0.1 0.1706 0.2342 0.3600 0.4778 0.8346 0.9196
200 0.05 0.1030 0.1078 0.2534 0.3022 0.7568 0.8370
0.01 0.0274 0.0306 0.1064 0.1362 0.5558 0.6708
0.1 0.2608 0.3488 0.6712 0.7976 0.9968 0.9990
500 0.05 0.1682 0.1938 0.5554 0.6598 0.9926 0.9974
0.01 0.0608 0.0726 0.3330 0.4288 0.9702 0.9860
0.1 0.4556 0.4990 0.9432 0.9686 0.9998 1
1000 0.05 0.3340 0.3816 0.8998 0.9410 0.9998 1
0.01 0.1368 0.2034 0.7422 0.8560 0.9996 1

TABLE 3. Upper Rrcentaye Roints (1%) br the Cobiran Stéistic Constucted fomm Independent
Varance Estimsors Eat of Which Hasv Degrees of FeedomThe Samples Belong to a Dibtition

of the Exponential &mily with Shape RirameterB; = 1 (Laplace distibution)

v
" 1 2 3 4 5 6 7 8 9 10 16 36 144
2 — 1 0.997| 0.990| 0.978| 0.975| 0.965| 0.949| 0.939| 0.926| 0.917| 0.872| 0.786| 0.659
3 | 0.997| 0.970| 0.941| 0.908| 0.886| 0.866| 0.841| 0.827| 0.808| 0.791| 0.724| 0.606| 0.475
4 | 0.981| 0.931| 0.881| 0.855| 0.800| 0.787| 0.744| 0.734| 0.704| 0.710| 0.612| 0.499| 0.372
5 | 0.953| 0.888| 0.829| 0.775| 0.735| 0.700| 0.672| 0.655| 0.635| 0.622| 0.538| 0.415| 0.307
6 | 0.936| 0.836| 0.765| 0.730| 0.676| 0.638| 0.615| 0.593| 0.576| 0.552| 0.470| 0.363| 0.259
7 | 0.897| 0.796| 0.727| 0.678| 0.619| 0.592| 0.578| 0.550( 0.521| 0.505| 0.420| 0.325| 0.228
8 | 0.874| 0.772| 0.683| 0.624| 0.577| 0.555| 0.520| 0.499| 0.471| 0.457| 0.380| 0.287| 0.202
9 | 0.846| 0.731| 0.654| 0.596| 0.550| 0.510| 0.485| 0.453| 0.440| 0.424| 0.342| 0.263| 0.180
10 | 0.824| 0.715| 0.609| 0.553| 0.511| 0.479| 0.450| 0.425| 0.406| 0.394| 0.322| 0.242| 0.164
12 | 0.774| 0.648| 0.565| 0.501| 0.458| 0.427| 0.396| 0.377| 0.361| 0.347| 0.282| 0.209| 0.138
15 | 0.716| 0.577| 0.496| 0.450| 0.394| 0.366| 0.340| 0.328| 0.304| 0.297| 0.242| 0.176| 0.113
20 | 0.624| 0.501| 0.408| 0.355| 0.327| 0.303| 0.279| 0.269| 0.251| 0.239| 0.190| 0.134| 0.086
24 | 0.572| 0.441] 0.369| 0.320| 0.295| 0.263| 0.245| 0.230| 0.218| 0.207| 0.164| 0.115| 0.072
30 | 0.512| 0.383| 0.315| 0.274| 0.257| 0.218| 0.206| 0.197| 0.184| 0.173| 0.137| 0.094| 0.059
40 | 0.428| 0.321| 0.258| 0.221| 0.200| 0.184| 0.163| 0.154| 0.143| 0.137| 0.106| 0.073| 0.045
60 | 0.331| 0.246| 0.194| 0.167| 0.144| 0.128| 0.118| 0.106| 0.103| 0.097| 0.074| 0.050| 0.031

es tha one of the sets.g., the set with omberm, has a somehat different \ariance We considezd the alteraives
Hl1 10y = 1.050, le 0= Loy, andH13 . 0y = 1.20(, the othem— 1 samples belowgl to a nanal distibution having

0=0q(Hg: 012 = 022 =...=05= og). The pavers inTable 2 ae gven form=5 and stficiently large sample slumes since

2 _

for smalln the paver of these tests igwy low, i.e., the caacity to distinguish similar altegives.

The [3] poposes using the Co@an test ér small sampleaumesn = 2—6,s0 it must be bane in mind thafor sud
values ofn, one can distinguishafrly reliably only faily remote altemaives,where the \ariances difer by large factoss.
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TABLE 4. Upper Rrcentae Points (5%) br the Cobiran Stéistic Constucted fom m Independent
Variance Estimtors Ead of Which Hasv Degrees of FeedomThe Samples Belong to a Dibtition
of the Exponential &mily with Shape Rarameterf; = 1 (Lgplace distibution)

v
" 1 2 3 4 5 6 7 8 9 10 16 36 144
2 ] 0.999| 0.984| 0.966| 0.947| 0.928| 0.910| 0.894| 0.885| 0.870| 0.862| 0.815| 0.728| 0.623
3 | 0.978| 0.924| 0.879| 0.842| 0.804| 0.784| 0.760| 0.740| 0.725| 0.710| 0.641| 0.548| 0.443
4 | 0.938| 0.852| 0.803| 0.747| 0.706| 0.679| 0.658| 0.635| 0.623| 0.604| 0.534| 0.447| 0.346
5 | 0.894| 0.788| 0.717| 0.683| 0.647| 0.606| 0.585| 0.557| 0.547| 0.524| 0.466| 0.377| 0.284
6 | 0.857| 0.737| 0.662| 0.616| 0.570| 0.551| 0.526| 0.495| 0.482| 0.464| 0.407| 0.327| 0.239
7 | 0.811] 0.690| 0.620| 0.570| 0.530| 0.500| 0.481| 0.454| 0.435| 0.421| 0.364| 0.283| 0.210
8 | 0.765| 0.650| 0.571| 0.529| 0.492| 0.460| 0.433| 0.416| 0.398| 0.389| 0.333| 0.256| 0.185
9 | 0.736| 0.609| 0.547| 0.501| 0.452| 0.431| 0.407| 0.390| 0.371| 0.357| 0.303| 0.233| 0.167
10 | 0.710| 0.578| 0.511| 0.465| 0.426| 0.398| 0.379| 0.359| 0.344| 0.330| 0.276| 0.214| 0.152
12 | 0.652| 0.531| 0.461| 0.415| 0.379| 0.353| 0.333| 0.319| 0.306| 0.296| 0.244| 0.182| 0.128
15 | 0.590| 0.466| 0.406| 0.357| 0.329| 0.306| 0.285| 0.276| 0.262| 0.246| 0.204| 0.151| 0.104
20 | 0.508| 0.394| 0.340| 0.297| 0.269| 0.251| 0.234| 0.220| 0.208| 0.200| 0.163| 0.117| 0.080
24 | 0.461| 0.348| 0.304| 0.264| 0.241| 0.222| 0.207| 0.191| 0.182| 0.172| 0.139| 0.100| 0.067
30 | 0.401| 0.307| 0.258| 0.224| 0.202| 0.187| 0.170| 0.163| 0.153| 0.146| 0.115| 0.082| 0.055
40 | 0.338| 0.263| 0.212| 0.182| 0.167| 0.148| 0.139| 0.130| 0.120| 0.106| 0.083| 0.064| 0.042
60 | 0.262| 0.195| 0.159| 0.137| 0.120( 0.109| 0.100| 0.093| 0.087| 0.084| 0.064| 0.045| 0.029

TABLE 5. Upper Rrcentage Points (10%) br the Cobran Stéistic Constucted fomm Independent
Variance Estimtors Ead of Which Hasv Degrees of FeedomThe Samples Belong to a Dibtition

of the Exponential &mily with Shape Rirameter8; = 1 (Laplace distibution)

v
" 1 2 3 4 5 6 7 8 9 10 16 36 144
2 | 0.996| 0.969| 0.942| 0.917| 0.894| 0.874| 0.857| 0.849| 0.832| 0.823| 0.776| 0.698| 0.606
3 | 0.955| 0.879| 0.826| 0.788| 0.756| 0.730| 0.711| 0.688| 0.672| 0.661| 0.597| 0.519| 0.428
4 | 0.895| 0.796| 0.740| 0.691| 0.653| 0.624| 0.605| 0.581| 0.572| 0.555| 0.496| 0.420| 0.332
5 | 0.842| 0.720| 0.657| 0.615| 0.586| 0.552| 0.534| 0.511| 0.499| 0.483| 0.428| 0.351| 0.273
6 | 0.790| 0.671| 0.604| 0.554| 0.518| 0.495| 0.479| 0.448| 0.439| 0.424| 0.375| 0.305| 0.231
7 | 0.743] 0.621| 0.559| 0.509| 0.474| 0.455| 0.432| 0.410| 0.394| 0.381| 0.334| 0.267| 0.202
8 | 0.698| 0.575| 0.517| 0.472| 0.440| 0.415| 0.389| 0.374| 0.364| 0.355| 0.302| 0.238| 0.178
9 | 0.669| 0.547| 0.485| 0.441| 0.407| 0.384| 0.368| 0.352| 0.333| 0.320| 0.278| 0.217| 0.160
10 | 0.637| 0.522| 0.457| 0.412| 0.379| 0.358| 0.341| 0.325| 0.311| 0.298| 0.255| 0.200| 0.146
12 | 0.585| 0.468| 0.408| 0.367| 0.343| 0.316| 0.299| 0.286| 0.274| 0.265| 0.222| 0.170| 0.123
15 | 0.522| 0.412| 0.355| 0.321| 0.295| 0.274| 0.255| 0.244| 0.237| 0.220| 0.186| 0.141| 0.100
20 | 0.446| 0.347| 0.298| 0.265| 0.237| 0.226| 0.209| 0.199| 0.187| 0.180| 0.148| 0.110| 0.077
24 | 0.403| 0.309| 0.266| 0.232| 0.214| 0.195| 0.184| 0.171| 0.163| 0.156| 0.128| 0.094| 0.065
30 | 0.351] 0.270| 0.227| 0.200| 0.181| 0.167| 0.152| 0.147| 0.139| 0.130| 0.106| 0.077| 0.053
40 | 0.297| 0.226| 0.186| 0.162| 0.148| 0.132| 0.123| 0.118| 0.109| 0.117| 0.091| 0.060| 0.040
60 | 0.230| 0.173| 0.140| 0.121| 0.107| 0.096| 0.090| 0.085| 0.079| 0.076| 0.059| 0.042| 0.028
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If the obseved quantitiesif distributions in the gponential &mily, tables can be constcted br the upper peent
age points (15, and 10%) of the Cdwan stéistic for shape paametes 85 = 0.5,1, 3, 5, and 10 with aiousmandn. The
percentae points hae been consticted fom Monte Cdo simulation and vere deived from the sinolated expelimental dis
tributions of the stistics with wlumes of 50000 andraraging over a sees of epeiiments. In the case of the place dis
tribution @5 = 1), the pecentaye points ag gven inTables 3-5.

The Batlett and Cohbran tests & thus gtremel sensitve to deiations fom nomal in the measement esults
(obsewved paameter). Caect use of those testsquites a knwledge of the distbutions br the stéistics for paticular dis
tributions br the obsered mndom quantities. If the obsed distibution differs from nomal, one cannot aply the dasst
cal results.When the obseed andom quantities ardosely descibed ly distibutions flom the &ponential &mily with a
cettain shpe paameter9;, one can use thelies for the coresponding upper pegntaje points gven hee.

If regular dheds ae needed on theavance lypothesesdr a cetain paticular model ér the obsered distibution,
one can ecommend the use of Monte @asimulation to deive under these conditions the disitions of the Batett or
Codhran stéistics followed by computer angkis of the egulaiities.

The eseath was perbrmed with fnancial suppdrfrom the Russiandélegtion Ministry of Educaion (project
No. T02-3.3-3356).

REFERENCES
1. H.-1. Mittag and H. RinngStdistical Methods of Quality Cortl [Russian tansldion], Mashinostoenie Moscov
(1995).

2. L. N. Bol'sher and N'V. Smimov, Tables br Mathemdical Staistics[in Russian],Nauka,Moscowv (1983).
3. GOST R I1SO 5725-1-2002... GOST R ISO 5725-6-2@0&umacy (Corectness and fcision) of Methods and
Measuement Resulfin Russian].
4, M. S. Battlett, Proc. Roy. Soc SerA, 31, 268 (1937).
5. W. G. Codran,Ann. Eugnics 11, 47 (1941).
6. P. V. Novitskii and |.A. Zograf, Estimaing the Erors of Measugment Resultfin Russian],Enegoaomizda,
Leningad (1991).
7. B. Yu. Lemeshk and S S Pomadin,Metrology: A Supplement to thisodmal, No. 3,3 (2004).
8. R 50.1.033-2001Standadization Recommendi@ns. Applied Staistics. Rulesdr Testing Condrmity Betveen an
Expefimental Distibution and aTheosetical One Part 1. Tests 01’)(2 Type[in Russian].
9. R 50.1.037-2002Standadization Recommendi@ns. Applied Staistics. Rulesdr Testing Condrmity Betveen an
Expefmental Distibution and aTheoeetical One Part 2. Nonpaametic Tests[in Russian].
10. G. E. P Box, Biometika, 40, 318 (1953).
11. G. Sceffe, VarianceAnalysis[Russian tansldion], Nauka,Moscov (1980).

968



